We calculate the power spectrum of the stochastic gravitational wave (GW) background expected from kink-kink collisions on infinite cosmic strings. Intersections in the cosmic string network continuously generate kinks, which emit GW bursts by their propagation on curved strings as well as by their collisions. First, we show that the GW background from kink-kink collisions is much larger than the one from propagating kinks at high frequencies because of the higher event rate. We then propose a method to take into account the energy loss of the string network by GW emission as well as the decrease of kink number due to the GW backreaction. We find that, even though these effects reduce the amplitude of the GW background, we can obtain a constraint on the string tension Gµ < ∼ 2 × 10 −7 using the current upper bound on the GW background by Advanced-LIGO, which is as competitive as the constraint from cusps on string loops.
INTRODUCTION
Cosmic strings are one-dimensional topological defects which may have been generated during a phase transition in the early Universe [1] . They are considered to form a network of infinite strings and loops, and both of them have singular structures, called kinks and cusps, which emit strong gravitational wave (GW) bursts [2, 3] . Overlapped bursts form a GW background, which can be tested by various GW experiments. In [4] and our previous work [5] , the power spectrum of the GW background from kinks propagating on infinite strings has been estimated using the number distribution of kinks derived in [6] . We have found that the GW background is generated over a wide range of frequencies, from the scale of the cosmic microwave background to direct-detection GW experiments.
In addition to GWs from kink propagation, kink-kink collisions are also expected to generate a GW background. GWs from kink-kink collisions on loops have been considered in [7] [8] [9] , but no works have studied collisions on infinite strings. In this paper, we calculate for the first time the power spectrum of the GW background originating from overlapping bursts from kink-kink collisions on infinite strings. We numerically calculate the kink number distribution as a function of time and sharpness, which gives the rate of kink-kink collisions, and estimate the amplitude of the GW spectrum by summing up the contribution from all the redshifts. Since the result shows that kink-kink collisions generate a large GW background, we take into account two effects which could modify the estimate of the kink number distribution as due to the large GW emission. The first effect is the energy loss of the string network through GW emission, which reduces the length of infinite strings. The second is the GW backreaction on kinks, which smooths out kink sharpness. We include these factors in the calculation of the GW spectrum and, finally, compare it with the sensitivities of current and future GW experiments and discuss constraints on cosmic string tension Gµ.
BASIC EQUATIONS
The dynamics of cosmic strings is well described by the Nambu-Goto equations. By considering a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric, ds 2 = a 2 (τ ) −dτ 2 + dx 2 , choosing the coordinates on the worldsheet as τ (conformal time) and σ (direction along a cosmic string), and using the gauge condition ∂x µ ∂τ ∂xµ ∂σ = 0, the Nambu-Goto action gives the evolution equation
where ǫ ≡ (∂x/∂σ) 2 1−(∂x/∂τ ) 2 is interpreted as energy per unit σ. In the Minkowski spacetime, the solution is given by a linear superposition of left and right moving modes, x = (a + b)/2. Here we introduce new variables p ± , which represent left and right moving modes in the FLRW spacetime (corresponding to ∂a/∂σ and ∂b/∂σ in the Minkowski spacetime), as
At a kink, the value of p ± changes discontinuously from p ±, 1 to p ±, 2 . We define the sharpness of the kink as
Cosmic strings obey the scaling law, in which the correlation length of cosmic strings evolves in proportion to the cosmic time t. The velocity-dependence one scale (VOS) model [10] gives the evolution equation of correlation length L and the velocity v as
where H is the Hubble parameter H ≡ (da/dt)/a with a(t) being the scale factor of the universe and k(v) is effective curvature k(v) = [11] . The second term of Eq. (4) describes the loop production, and the value of the loop chopping efficiency c is taken as c ≃ 0.23 [12] . In this paper, we investigate the case of unit reconnection probability p = 1, typical of field-theoretic strings. By simultaneously solving Eqs. (4) and (5), we obtain the solution of L ∝ t and we define the coefficient as γ ≡ L/t.
To calculate the GW background from kinks, we first estimate the distribution function of kinks N (ψ, t), where N (ψ, t)dψ is the number of kinks between ψ and ψ + dψ within the arbitrary volume V . The evolution equation of N (ψ, t) is written as [6] 
(6) The first term is the number of kinks produced by intersecting cosmic strings. The second term describes blunting of kinks due to the expansion of the Universe. The third term is the number of kinks lost into loops. The parameters of each term in Eq.(6) are described as
where ν is the parameter describing the time dependence of the scale factor a ∝ t ν . By simultaneously solving Eqs. (4), (5) and (6), we obtain the distribution function of kinks. In [5] , we have shown that kinks with small sharpness, which are produced in the radiationdominated era, are much more abundant than the ones with ψ ∼ 1, which are produced recently.
GW BACKGROUND
Next, we describe the method to calculate the GW background spectrum from kink-kink collisions. For comparison, we also describe the formalism for kinks propagating on infinite strings, which follows [5] .
The Fourier strain amplitude of GWs from a propagating kink and a kink-kink collision are given respectively by [13] 
where f is the observed frequency so that (1 + z)f is the frequency at the emission, µ is the cosmic string tension, which becomes a dimensionless parameter Gµ by multiplying the gravitational constant G, r(z) = z 0 dz H(z) is the distance from the observer, and the first Heaviside step function Θ(1 − θ m ) with θ m ≡ {(1 + z)f γt} −1/3 plays a role to cut off the long wavelength mode beyond the string curvature γt.
From Eq. (6), we obtain the number of kinks as a function of sharpness and ψ N (ψ, t) V (t)/(γt) 2 gives the number per unit length per logarithmic sharpness. The inverse of this gives the average interval of kinks with a given sharpness. Reference [4] has investigated the GW background from kinks propagating on infinite strings and found that, for a given GW frequency f , dominant contribution on the GW background comes from kinks having the interval of the GW wavelength ω −1 , where ω = 2πf (1 + z) is the GW angular frequency at the emission redshift z. Using the same discussion presented in the Appendix of [4] , we can show that the same holds for the case of kink-kink collisions. For the sources at redshift z, the condition is given by
From now on, we call ψ m the sharpness satisfying Eq. (12). The power spectrum of the GW background is often characterized by Ω gw ≡ (dρ GW /dlnf )/ρ c , where ρ GW is the energy density of GWs and ρ c ≡ 3H 2 0 /8πG is the critical density of the Universe. Using the effective GW burst rate n(f, z) ≡ 1 f dṄ d ln z , whereṄ (f, z) is the event rate of GW burst with frequency f at redshift z, the power spectrum is given by integrating contributions from all redshift,
where Θ(n(f, z) − 1) is the step function to exclude rare bursts which are not overlapping enough to form a GW background. Note that we only consider contribution from ψ m according to the discussion around Eq. (12). When one considers contributions only from kinks between ln ψ m and ln ψ m + d ln ψ m , the event rate n(ψ m , f, z) can be estimated as
where
is the volume between z and z + dz. Using the beaming angle of GWs, typical curvature of the string γt, the rate of GW bursts from a propagating kink is given by θm 2(1+z)γt , where (1+z) is added to take into account the redshift of the time interval. For kink-kink collisions, the number of kinks coming into one kink per time is given by ψmN (ψm,t) V /(γt) 2 . By multiplying 1 2 to avoid double counting and taking into account the redshift, the rate of GW bursts per kink is given by
. Note that a kink-kink collision emits GWs in all directions so that we do not multiply a beaming angle. In summary, the burst rate for propagating kinks and kink-kink collisions are written respectively by (13), we obtain the GW background spectrum for kink-kink collisions (respectively, propagating kinks). Note that the value of ψ m is time-dependent and is estimated using Eq. (12) at every time step of numerical calculation.
In Fig. 1 , we compare the power spectrum of the GW background from propagating kinks and kink-kink collisions. With the fact that ψ N (ψ, t) V (t)/(γt) 2 is a decreasing function of ψ, Eq. (12) indicates that the high frequency GWs are produced by kinks with small sharpness, which has high event rate. The large amplitude difference at high frequencies between the two cases arises because the event rate of kink-kink collisions increases in proportion to the square of the kink number, while the dependence is linear in the case of propagating kinks.
EFFECTS OF GW EMISSION
As shown in the previous section, the power spectrum increases dramatically towards high frequencies in the case of kink-kink collisions. One may be concerned that a large amount of GW emissions could change the number of infinite strings, since the energy of the string network is transferred to GWs. In addition, the backreaction of GW emission could smooth out the sharpness of kinks and reduce the power of GW emission. In this section, we take into account these two effects by modifying the VOS equation, Eq. (4), and the evolution equation of kink distribution, Eq. (6), and recalculate the GW power spectrum.
Let us first consider the effect of GW radiation on the VOS equation [14, 15] . The energy of GW emission from one kink-kink collision is estimated as E GW ∼ ψ 2 Gµ 2 ω −1 [13] . Considering the energy conservation law for the string network density ρ ∞ = µ L 2 [12] , the loss of energy density into GW radiation is given by
Here, the integral in terms of dψ m corresponds to taking into account GWs of all the frequencies. By rewriting ρ ∞ in terms of L and adding it to Eq. (4), we get
where we have used Eq. (12) to replace ω.
Next, we consider the GW backreaction on kinks and estimate the effect on the kink distribution. Before presenting the equations, let us compare the energy of one kink and GW energy at one collision. When we treat a kink as a small perturbation δp ± [16, 17] , the energy of kink is estimated as E kink = µ(δp ± ) 2 ∆ℓ ∼ µψ∆ℓ for a given length ∆ℓ, where we have used Eq. (3) in the second step. From Eq. (12), we expect that kinks contributing to the GW background distribute with the average interval of ω −1 , so let us take ∆ℓ ∼ ω −1 . By taking the ratio E GW /E kink = ψGµ, we find that the fraction of energy going to GW emission is initially as small as ∼ Gµ for newly formed kinks ψ ∼ 1, and the fraction gets even smaller when the kink sharpness becomes smaller by the expansion of the Universe. Thus, when we consider the GW energy at one collision, the GW backreaction seems to be negligible.
However, the accumulation of small GW backreaction through huge number of collisions could change the kink distribution. This can be implemented as a modification without GW effect with GW effect (Gµ=10 -7 )
with GW effect (Gµ=10 -11 )
FIG. 2:
The time evolution of γ calculated using Eqs. (18) and (20) for Gµ = 10 −7 and 10 −11 . For comparison, we also show the line calculated without the GW radiation term.
of Eq. (6) . By considering the energy fraction going to GWs, the backreaction term can be written as (# of kinks lost by GW emission per V, time, dψ m )
By adding this term, Eq. (6) becomes
In Fig. 2 and 3 , we show the time evolution of γ and the kink distribution, respectively, calculated by simultaneously solving the VOS equations with GW radiation, Eqs. (18) and (5), and the equation for kink distribution with GW backreaction, Eq. (20) . From Fig. 2 , we see that the correlation length does not change at first, but starts to increase when the GW radiation term becomes non-negligible compared to the Hubble term. In Fig. 3 , we find that number of kinks with small sharpness is suppressed, since the backreaction term in Eq. (20) affects the distribution when N is large as it has the ∝ N 2 dependence. We also see that the effect extends to larger sharpness when Gµ is larger. The slope of the distribution function gets gentler for large Gµ because the value of γ is larger due to the modification in Eq. (18) .
Finally, in Fig. 4 , we plot the power spectra of the GW background from kink-kink collisions for different Gµ. We see that high frequency GWs get suppressed (18) and (20) . The number of kinks per unit length per logarithmic sharpness is shown as a function of sharpness. Each line represents different tension, from Gµ = 10 −7 to 10 −15 . For comparison, we also show the line calculated using Eqs. (4) and (6).
when we use the kink distribution with the GW modification. This is mainly because the number of small kinks are suppressed by the GW backreaction term in Eq. (20) . We find that the suppression takes place at late times and it comes earlier for smaller sharpness, which corresponds to high frequency GWs. As a result, GWs of the high-frequency plateau are dominantly produced kinkkink collisions in the radiation-dominated era, while ones in the small bump are produced in the matter-dominated era and ones in the low-frequency slope are generated today without being affected by the suppression. In the figure, we compare the spectra with sensitivity curves of various future GW experiments, such as SKA, LISA, DECIGO, and Advanced-LIGO. We also plot the current upper limit on the GW background amplitude by first observing run of Advanced-LIGO, Ω GW < 1.7 × 10 −7 at 20 − 86 Hz [18] , and 11-year dataset of NANOGrav, Ω GW h 2 < 3.4 × 10 −10 at 3.2 × 10 −8 Hz [19] . We find that the current Advanced-LIGO upper limit gives the constraint on the string tension as Gµ < ∼ 2 × 10 −7 . This bound is comparable to one by GW from cusps on loops (Model 1 and 2 in [20] ). In future, Advanced-LIGO with full design sensitivity would provide Gµ < ∼ 10 −9 . With satellite experiments, we would be able to reach Gµ ∼ 10 −13 by LISA and Gµ ∼ 10 −16 by DECIGO.
CONCLUSION
There have been many efforts to search for and constrain cosmic strings with cosmological observations. In this paper, we have shown a new possibility of testing the existence of cosmic strings by considering kink-kink col- lisions on infinite strings. We have presented formulas to calculate the GW power spectrum from kink-kink collisions, predicting a much larger GW amplitude compared to the one from kink propagation. Furthermore, we have investigated the effect of the GW radiation and backreaction on the scaling behavior and kink distribution. Even though these effects reduce the GW amplitude at high frequencies, the GW background from kink-kink collisions turns out to be comparable with the one from cusps on loops at LIGO frequency, and provides a competitive constraint on the cosmic string tension, Gµ < ∼ 2 × 10 −7 . Although the current pulsar timing constraint from loops is stronger than this bound, we would like to stress that our prediction based on infinite strings does not have any ambiguity on the initial loop size, which has been under debate and could weaken the pulsar timing constraint from loops. Therefore, our result can be used as an independent test of cosmic strings and provide a competitive source of information on the cosmic string tension.
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